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The nonlinear stimulated echo that is generated by a sequence
of three radiofrequency pulses, 90°–t1–90°–t2–45°, in high mag-
netic fields (or at low temperatures) in the presence of pulsed or
steady field gradients can be applied for measurements of the
diffusion coefficient. Corresponding test experiments are reported.
Steady gradients can be used without knowledge of the relaxation
times. Remarkably the attenuation of the nonlinear stimulated
echo by diffusion is substantially stronger than in the case of the
ordinary stimulated echo. © 2000 Academic Press

Key Words: NMR; diffusion; demagnetizing field; stimulated
echo; field gradient.

1. INTRODUCTION

NMR self-diffusion measurements in liquids are often
ried out with the aid of stimulated echoes (1) produced unde
the action of gradients of the magnetic flux densityB0. The
field gradients can be applied either in pulsed form betwee
radiofrequency (RF) pulses (2, 3) or as steady gradients. F
the latter variant, the stationary fringe field gradients of su
conducting magnets turned out to be particularly favorable4).
The use of gradients of the RF field amplitude instead oB0

gradients has also been suggested (5, 6).
All of these methods are based on conventional schem

oherence evolution in the laboratory or rotating frames. M
ecently, exploitation of multiple echoes (7, 8) for diffusion
easurements was proposed (9). These echoes arise as a c

equence of coherence evolution in the presence of the d
etizing field which is produced by the longitudinal magn
ation in the sample. The prerequisite for strong multiple e
ignals therefore is a high magnetization. That is, in partic
he flux density of the external magnetic field must be
nough and/or the temperature should be moderate.
The demagnetizing field in liquids has its origin in lo

ange dipolar interactions which are not averaged out by t
ational diffusion. On the time scale of NMR experime
iffusion in liquids affects dipolar interaction only over d

ances of up to a few micrometers. Because thelong-range
ipolar coupling involves many particles by nature, it can
onsidered globally in the continuum limit in the form o

1 On leave from Department of Physics, Technical University, 3400
apoca, Romania.
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mean field usually called thedemagnetizing field.This field
epends on the spatial distribution of the magnetizationM (r ),

which, in turn, is a function of the coherence evolution du
the pulse sequence in the presence of field gradients.
minor degree, the sample shape also plays a role (10, 11). If the
magnetization is modulated along a direction with unit ve
us, the spatial distribution of the resulting dipolar demagne
ing field is given by (7–9)

Bd~r ! 5 m0DFMz~s!uz 2
1

3
M ~s!G , [1]

where

D 5
3~us z uz!

2 2 1

2
, [2]

andm0 is the magnetic field constant. Here the coordinate a
theus direction iss 5 r z us and the unit vectoruz is directed
along the magnetic field relevant for coherence evolutionB0

in the following).
It has been shown in Refs. (12, 13) that a pulse sequence li

that shown in Fig. 1 produces a train ofmultiple nonlinea
stimulated echoes(NOSE) in the presence of the demagne
ing field and also modifies the ordinarystimulated echo(STE)
(1). The ordinary stimulated echo appears at a timet1 after the
third pulse, whereas the multiple nonlinear stimulated ec
are refocused at times 2t1, 3t1, . . . ,with varying amplitude. In
the absence of intramolecular spin couplings the appearan
such echoes can be described on the basis of the Bloch
tions modified with the demagnetizing field (12). Alternately
and if intramolecular spin–spin coupling is to be include
spin operator formalism (13–15) can be used as well. In th
ase, the effects of different spin species can readily b
ounted for.
Note that the demagnetizing field is only appropriate for

reatment of the evolution of spin systems whose ope
epresentation is restricted to the motional-averaging regim
ipolar couplings. That is, only intramolecular spin coupli
an explicitly be taken into account on this basis. In
iterature, treating long-range dipolar couplings exceeding
j-
1090-7807/00 $35.00
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102 ARDELEAN AND KIMMICH
motional-averaging regime explicitly by considering the
set of spin operator terms the density operator consists o
been suggested (16–19). In this case,short- as well aslong-
rangedipolar interactions may be regarded at one time. In
present study, we restrict ourselves to intramolecularly un
pled spins and to the linear density operator term so th
treatment based on the Bloch equations becomes fea
Under such circumstances, diffusion effects can be im
mented very easily into the formalism. Furthermore we
refer to isotropic diffusion in a uniform sample, for simplic
although restricted diffusion may be treated in principle on
basis of the same formalism.

2. THEORY

Figure 1 shows the pulse sequences to be considered
formalism refers to a steady gradient as represented by Fi
On this basis a generalization to pulsed gradients, Fig. 1
readily feasible. Provided thatt1 is short enough, displac-
ments by diffusion in the second pulse interval,t2, will dom-
inate. The RF pulses are assumed to be “hard,” i.e., they e
all spins within the sample in the same way. The gradientG is
assumed to be spatially constant and oriented along tz-
direction so thatD 5 1 in Eq. [1].

Just before the first (p/ 2)X RF pulse, the equilibrium ma-
etizationM 0 is aligned along thez-direction. The evolution o

the magnetization during the pulse sequence is described
basis of the modified Bloch equations (7),

Mz~ z, t!

dt
5 2

Mz~ z, t! 2 M0

T1
1 D¹ 2Mz~ z, t!, [3]

FIG. 1. Pulse sequences producing a stimulated echo (STE) att1 and
nonlinear stimulated echoes (NOSE) at positions 2t1, 3t1, and so on. Th
gradient, oriented along thez-direction, can be applied either in steady (a
in pulsed (b) form. The strength of the second gradient pulse must be 2G in the
case of the first NOSE.
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or the longitudinal, and

M1~ z, t!

dt
5 2ig@Gz1 Bd~ z!#M1~ z, t!

2
M1~ z, t!

T2
1 D¹ 2M1~ z, t! [4]

or the transverse component. Hereg represents the magne
gyric ratio andD the self-diffusion coefficient.T1 and T2

denote the longitudinal and transverse relaxation times, re
tively. The complex transverse magnetization is define
M1( z, t) 5 Mx( z, t) 1 iM y( z, t). In the current case, th
Laplace operator is reduced to¹ 2 5 d2/dz2 because onl
displacement components along thez-axis are relevant wit
this choice of the gradient direction. The demagnetizing
Bd( z) in the above equation is given by Eq. [1], from whic
becomes obvious that the component pertinent for the e
tion of the transverse magnetization is parallel to thez-axis
(7, 8). Provided that longitudinal relaxation is negligible dur
the first evolution interval, i.e.,T1 @ t 1, ideally no longitudi-
nal magnetization component exists in this interval. In a s
ple with spherical symmetry, therefore no demagnetizing-
effects need to be considered so far (7, 8, 12, 13, 18). The
magnetization after the second RF pulse is then given by

Mx~ z, t 1
1! 5 M0e

2t1/T2sin~gGzt1!, [5]

My~ z, t 1
1! 5 0, [6]

Mz~ z, t 1
1! 5 2M0e

2t1/T2cos~gGzt1!. [7]

The longitudinal magnetization component is now cosine m
ulated along thez-direction. That is, the spherical symmetry
broken, and a finite demagnetizing field arises. As a co
quence, the evolution of the transverse magnetization is
enced by this field according to Eq. [4].

We now assume complete cancellation of the transv
magnetization component in thet2 interval as a result of fie
inhomogeneities andT2 relaxation effects, so that only t
longitudinal component after the second pulse will be reta
at the end of this interval, that is, Eq. [3] has merely to
solved in order to find the evolution of this component un
relaxation and diffusion effects. In case some residual t
verse magnetization survives the second pulse interval,
tional echo phenomena will occur as shown in Ref. (13). That
is, the degree of spoiling of the coherences duringt2 can
readily be checked in an experiment.

In this context it may be worth mentioning that even in
molecular zero-quantum coherences arising from higher
expansion terms of the density operator (18) tend to be spoile

y the gradient because the coupling partners are sep
arther than the motional averaging distance, i.e., the root
quared displacement to be probed in a diffusion experi
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103NONLINEAR STIMULATED ECHO DIFFUSION MEASUREMENTS
per definitionem. Zero-quantum coupling partners with in
nuclear vectors perpendicular to the gradient direction do
contribute to any refocusing process anyway.

The prevailing effect of diffusion in thet2 interval is that th
osine modulation of thez-magnetization is attenuated, that
he minute change of the magnetization by diffusion does
erceptibly affect spin–lattice relaxation. Diffusion and re
tion therefore may be regarded to occur independently of
ther. Under this assumption, the solution of Eq. [3] is

Mz~ z, t1 1 t 2
2! 5 M0~1 2 e2t2/T1!

2 M0e
2t1/T2e2t2/T1e2D~gG! 2t 1

2t2cos~gGzt1!,

[8]

where a timet 5 t 1 1 t 2
2 just before the third RF pulse

considered.
The third RF pulse, (p/4)x, transfers the longitudinal ma-

netization into

Mx~ z, t1 1 t 2
1! 5 0, [9]

My~ z, t1 1 t 2
1! 5

1

Î2
M0~1 2 e2t2/T1! 2

1

Î2
M0e

2t1/T2

3 e2t2/T1e2D~gG! 2t 1
2t2cos~gGzt1!, [10]

Mz~ z, t1 1 t 2
1! 5

1

Î2
M0~1 2 e2t2/T1! 2

1

Î2
M0e

2t1/T2

3 e2t2/T1e2D~gG! 2t 1
2t2cos~gGzt1!. [11]

y virtue of thep/4 tip angle (instead ofp/2 in a conventiona
stimulated-echo experiment) the longitudinal magnetiza
given by Eq. [8] is split into two components. The transv
component evolves in the presence of the demagnetizing
created by the longitudinal component. Here one should
in mind that it is the demagnetizing field originating from t
modulated longitudinal component which is responsible fo
generation of multiple echoes (7, 8). Otherwise no multipl

choes would arise. A flip angle ofp/4 ensures maximu
signal intensity of the nonlinear stimulated echo (12).

Since the longitudinal component is not changed by
evolution and because it will not contribute to the signal,
focus our attention only on the evolution of the transv
component. The demagnetizing field created by the modu
longitudinal component is given by

Bd~ z! 5 m0Mz~ z!

5 2m0

1

Î2
M0e

2t1/T2e2t2/T1e2D~gG! 2t 1
2t2cos~gGzt1!.

[12]

As has been shown in Refs. (12, 13), the echoes of intere
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appear att1 (STE) and 2t1 (NOSE) so that self-diffusion an
longitudinal relaxation effects can be neglected again. Inse
the expression for the demagnetizing field,Bd( z), given in Eq
[12], into Eq. [4] gives

M1~ z, t1 1 t2 1 t! 5 M1~ z, t1 1 t 2
1!e2t/T2eij~t!cos~gGzt1!,

[13]

where

j~t! 5
1

Î2
gm0M0te

2t1/T2e2t2/T1e2D~gG! 2t 1
2t2. [14]

The transverse component can be written in a more conve
form using the Bessel function expansion (7, 20),

eijcosa9 5 O
n52`

1`

i nJn~j!eina9, [15]

and the properties of Bessel functions,Jn(j), of integer order

Jn21~j! 2 Jn11~j! 5 2
d

dj
Jn~j!, [16]

J2n~j! 5 ~21! nJn~j!. [17]

With the above expansion, Eq. [13] can be rewritten as

M1~ z, t1 1 t2 1 t!

5
1

Î2
M0~1 2 e2t2/T1!e2t/T2 O

n52`

1`

i n11Jn~j!eigGz~nt12t!

2
1

Î2
M0e

2~t11t!/T2e2t2/T1e2D~gG! 2t 1
2t2

3 O
n52`

1`

i n
d

dj
Jn~j!eigGz~nt12t!. [18]

The NMR signal finally to be detected is an average ove
z-positions in the sample. This average vanishes at times
than t 5 nt 1 for which the echoes appear. The amplitud
these echoes can be simply computed by employing th
proximation for Bessel functions (20),

Jn~j! >
1

n! S j

2D
n

, [19]

valid for time intervals,t1, for which the conditiongm 0M 0t 1

! 1 is satisfied (7, 8). With this approximation the amplitud
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104 ARDELEAN AND KIMMICH
of the stimulated echo appearing at a timet 5 t 1 after the third
pulse is given by

ASTE~t1, t2! 5 2
i

2Î2
M0e

22t1/T2e2t2/T1e2D~gG! 2t 1
2t2. [20]

Here we have neglected the demagnetizing-field effect o
amplitude of the stimulated echo that would result from
first term in Eq. [18] if the conditiongm 0M 0t 1 ! 1 is violated

The amplitude of the nonlinear stimulated echo att 5 2t 1

can be calculated in a similar way as

ANOSE~t1, t2! 5
1

4
gm0M 0

2t1e
24t1/T2e22t2/T1e22D~gG! 2t 1

2t2,

[21]

here higher order contributions have been neglected ag
Analogously the pulsed gradient variant shown in Fig

roduces a nonlinear stimulated echo with the amplitude

ANOSE~t1, t2! 5
1

4
gm0M 0

2t1e
24t1/T2e22t2/T1e22D~gG! 2d 2t2.

[22]

Here G represents the gradient pulse strength of duratid
oriented again along thez-direction. Note that the seco
gradient pulse must be of double “area” in order to produ
nonlinear stimulated echo. Equations [21, 22] remarkably
gest a stronger dependence of the amplitude of the non
stimulated echo on the self-diffusion coefficient compared
the conventional stimulated echo.

The new method for the determination of the diffus
coefficient we propose here is based on the comparison o
experiments where one is performed with double pulse i
vals. Forming the quotient of the amplitudes of the stimul
echo,ASTE(2t1, 2t2), acquired with double pulse intervals a
of the nonlinear stimulated echo,ANOSE(t1, t2), recorded with
ingle intervals,

ASTE~2t1, 2t2!

ANOSE~t1, t2!
5 2i

Î2

M0gm0t1
e24D~gG! 2t 1

2t2 [23]

obviously leads to an expression independent of the relax
times. Only diffusion effects matter. Varying the evolut
intervalt2, a simple evaluation of the self-diffusion coeffici
becomes possible without knowledge of the relaxation tim

3. EXPERIMENTAL

Diffusion measurements were carried out cyclohexane
water at 298 K using a Bruker DSX400 NMR spectrome
The equilibrium magnetization atB0 ' 9.4 T is high enoug
he
e
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to allow for a good detection sensitivity of nonlinear ech
(7, 8, 12, 13). The RF pulse width for a flip angle ofp/2 was 12
ms. A steady magnetic field gradient was produced by shi
the probe in the fringe field of the magnet. Calibration of
gradient was performed with the aid of the known value fo
acetone diffusion coefficient. The result isG 5 4.1 mT/m.

mall sample heights ('6 mm) in a 5-mm-diameter tube we
sed in order to avoid any nonuniformity of the gradient ac

he sample. The pulse intervals were adjusted tot1 5 25 ms
andt2 5 350 . . . 650 ms.

The gradient pulses had a width ofd 5 1 ms in the firs
evolution interval andd (STE) or 2d (NOSE) in the secon
one. They were applied immediately after the first and the
RF pulses. The gradient strength was varied in the range
to 0.1 T/m. The background gradient was estimated to b
mT/m. In the pulsed gradient experiment, the pulse inte
weret1 5 20 ms andt2 5 900 ms, respectively.

4. RESULTS

In a first experiment we have tested the steady gra
variant (Fig. 1a). Figure 2 shows a plot ofASTE(t1, t2) (upside
down triangles),ANOSE(t1, t2) (circles),ASTE(2t1, 2t2) (squares)
and the ratioASTE(2t1, 2t2)/ANOSE(t1, t2) (stars) as a function
t2. From a fit of Eq. [23] to these data (solid line),
self-diffusion coefficient was evaluated asD 5 (1.44 6

.03)3 1029 m2/s. This result is in good agreement with d
previously reported (21).

The results obtained with water at 298 K using the pul

FIG. 2. Echo attenuation by diffusion in cyclohexane at T5 298 K. The
data refer to the steady gradient variant shown in Fig. 1a. The plot relat
normalized amplitudes of the stimulated echo,ASTE(t1, t2) (upside-down
triangles), nonlinear stimulated echo,ANOSE(t1, t2) (circles), stimulated echo

ouble time interval,ASTE(2t1, 2t2) (squares), and the ratioR 5 ASTE(2t1,
2t2)/ANOSE(t1, t2) (stars) witht2. The solid line represents the best fit of
23]. The first interpulse duration was fixed att1 5 25 ms. A total number o
6 transients with a repetition time 15 s were accumulated.
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105NONLINEAR STIMULATED ECHO DIFFUSION MEASUREMENTS
gradient experiment (Fig. 1b) are shown in Fig. 3. The
malized amplitudes of the stimulated echo (squares) and
linear stimulated echo (circles) are plotted as a function o
squared gradient strength. The data for the NOSE amp
depend more strongly on the gradient strength than thos
the STE amplitude. The self-diffusion coefficient was de
mined asD 5 (2.3 6 0.04) 3 1029 m2/s. The solid line wa
calculated as the square of the stimulated echo amplitude
is, the theoretical prediction is verified.

5. CONCLUSIONS

We have shown that the nonlinear stimulated echo ca
used successfully as a tool for diffusion measurements
method proposed here, a combination between stimulated
and nonlinear stimulated echo, does not require the know
of relaxation times. Steady as well as pulsed field gradient
be employed. The only prerequisite is that the magnetic fie
higher than'7 T in order to ensure detectable nonlin
stimulated echoes. This method is of particular interes
diffusion measurements in highly viscous materials prov
that T2 is long enough. It is also applicable in the stro

FIG. 3. Echo attenuation by diffusion in water at T5 298 K. The dat
refer to the pulsed-gradient version shown in Fig. 1b. The normalized a
tudes of the stimulated echo (squares) and nonlinear stimulated echoes
are plotted as a function of the square of the gradient strength. The con
line represents the square of the stimulated-echo amplitude. A total num
16 transients with a repetition time 20 s were accumulated.
r-
n-
e
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r-
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r
d

gradients provided by the fringe field of superconducting m
nets. It is noteworthy that the nonlinear stimulated echo sh
a stronger attenuation by diffusion than the ordinary stimu
echo.
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